We find the singular values and corresponding Schmidt pairs of a compact composition operator C ϕ induced by ϕ(z) = az + b, where |a| + |b| < 1, on the classical Hardy space. We do so by solving a functional equation that is a generalization of Schröder's equation: find a function f , holomorphic on the open unit disc, and a complex number λ such that G(z)f (ψ(z)) = λf (ψ(z)), where ψ is a holomorphic self-map of the open unit disc with an interior fixed point and G is a bounded holomorphic function on the open unit disc. In addition, we find the spectrum of the weighted composition operator M G C ψ .  2004 Published by Elsevier Inc.
Introduction
Let U denote the open disc {z: |z| < 1} in the complex plane C. Let Hol(U) denote the set of complex valued functions that are holomorphic on U. A holomorphic self-map ϕ of U induces a composition operator C ϕ : Hol(U) → Hol(U) defined by
A function f is in the Hardy space H 2 on the disc if it is holomorphic and the coefficients of its Maclaurin series expansion form a square summable sequence. The Hardy space is a Hilbert space with norm
A classical result of Littlewood [9] asserts that every composition operator on H 2 is a bounded operator. The driving force in the study of composition operators is to characterize the operator theoretic properties of C ϕ in terms of the function theoretic properties of the inducing map ϕ and vice versa. For more details on the study of composition operators see Cowen and MacCluer [3] and Shapiro [13] .
The goal of this paper is to characterize the operator theoretic properties of the singular values and Schmidt pairs of C ϕ in terms of the function theoretic properties of the inducing map ϕ(z) = az + b when |a| + |b| < 1. We start by stating some background material about singular values, Schmidt pairs, and their connection to composition operators. For more information on singular values and Schmidt pairs and their connection to operator and analytic function theory see [10, 15] .
The singular values of a bounded operator T on a separable Hilbert space H , denoted {s k (T )} ∞ k=0 , are defined by
where rank R is the rank of the operator R.
Remarks.
(1) The norm of an operator is the first singular value, that is, T = s 0 .
The singular values form a decreasing sequence, s 0 s 1 s 2 · · · . (3) lim k→∞ s k = T e . Here T e denotes the essential norm of the operator which is the distance of the operator from the set of compact operators in the operator norm. Thus, if the norm and essential norm are equal, then all the singular values are equal.
Let s be a singular value of T . We define the vectors x satisfying the equation T * T x = s 2 x to be Schmidt vectors of T and the vectors y satisfying the equation T T * y = s 2 y to be Schmidt vectors of T * . A pair {x, y} is called a Schmidt pair corresponding to s if T x = sy and T * y = sx. The connection between Schmidt vectors and Schmidt pairs is seen by showing that the following statements are equivalent for a nonzero singular value s of T :
(a) {x, y} is a Schmidt pair corresponding to s. If T is a compact operator, then the singular values of T are the square roots of the nonzero eigenvalues of T * T (or T T * ) [15, p. 205 This paper is organized as follows. In the next section we discuss the Main Theorem of the paper, the existence and uniqueness of a solution for the functional equation
, where ψ is a holomorphic self-map of the open unit disc with an interior fixed point and G is a bounded holomorphic on the open unit disc. In addition, we find the spectrum of the compact weighted composition operator M G C ψ .
In Section 3, using Cowen's adjoint formula, we reduce the eigenfunction problems for C * ϕ C ϕ and C ϕ C * ϕ to a pair of functional equations. Each of these functional equations has the form of the functional equation in our main theorem,
In Section 4, we show that the norm and essential norm of the composition operator induced by ϕ(z) = az + b, where |b| < 1 and |a| + |b| = 1 are equal. Thus, in this case, all the singular values are equal.
Section 5 contains the main results of the paper: we solve the functional equations that arise when considering the eigenfunction problems for C * ϕ C ϕ and C ϕ C * ϕ . In Section 6, we use the Main Theorem to explicitly compute the singular values (Theorem 4.1) and Schmidt pairs (Theorem 6.1) of the composition operator C ϕ for |a| + |b| < 1.
In Section 7, we extend these results to the weighted Bergman spaces, A 2 α , α > −1. This paper has considerable overlap with Christopher Hammond's thesis [5] . Regrettably, we do not illuminate where it overlaps as the connection with our results was made after the submission of the paper.
Main Theorem
Our main result is an existence and uniqueness proof of a solution for a functional equation for which Schröder's equation,
is a special case. Schröder's equation is the eigenfunction equation for the composition operator C ψ . When ψ has an interior fixed point p, the solution of Schröder's equation is the classical result of Koenigs [8] . The solutions to Schröder's equation take the form Koenigs ' theorem, and their connection to composition operators see [13] or [12] .
Our main result is the following theorem. 
Main
where
The method of proof of our Main Theorem is similar to Koenigs' proof of the existence and uniqueness of a solution to Schröder's equation [8] (see also [13, Chapter 6] ). The proof of the Main Theorem is in Section 5.
Note that for a bounded function G ∈ Hol(U), the multiplication operator
We can immediately see that Eq. (2) A calculation shows that the coefficient sequence of the Maclaurin series for Gψ n is the nth-column of the matrix of W with respect to the complete orthonormal basis {z n } for H 2 .
Since ψ(0) = 0, this matrix is lower triangular, with G(0)ψ (0) n down the diagonal. Thus the matrix of W * is upper triangular with diagonal entries
Note that an upper triangular matrix maps the coefficient sequence of a polynomial of degree n to another coefficient sequence of a polynomial of degree n. Moreover, this mapping is accomplished by the upper left n by n submatrix.
Therefore, the eigenvalues of W * are exactly the values in expression (3). Hence their complex conjugates belong to the spectrum of W . Since W is compact, the Riesz theory guarantees that each nonzero spectral point is an eigenvalue, hence (assuming that G (0) and ψ (0) are both nonzero) the original sequence
By the Main Theorem (or Theorem 5.2) these are the only possible eigenvalues of W , and thus form the nonzero spectrum of W .
If ψ has a fixed point p = 0, we apply the last result to the similar operator C −1
is the automorphism of U that interchanges 0 and p.
The Main Theorem together with the above discussion proves the following theorem.
and ψ has an interior fixed point p, then
Moreover, the corresponding eigenspace for G(p)[ψ(p)] k has multiplicity one.
The above argument was noted for a special set of weighted composition operators by Shapiro and Smith in their recent paper [11, Remark 3.7, . This paper and Shapiro and Smith's give natural ways in which weighted composition operators arise from problems involving unweighted ones. In this section we show that the eigenfunction problems for C * ϕ C ϕ and C ϕ C * ϕ reduce to solving a functional equation of the form found in the Main Theorem. To do this we compute the adjoint of a composition operator induced by ϕ(z) = az + b and show that it is the product of a multiplication operator and a composition operator. This is a special case of Cowen's well-known adjoint formula [2] . We include Cowen's proof to keep the paper self-contained.
Special case of Cowen's adjoint formula. Suppose ϕ(z) = az + b is such that |b| < 1 and |a| + |b| 1. Then
Proof. The fact that χ is a self-map of U can be seen by observing that
The fact that g is bounded follows immediately from |b| < 1.
Since the H 2 reproducing kernels, K p (z) = 1/(1 −pz), p ∈ U, span a dense set of H 2 , the equality of C * ϕ and M g C χ follows by showing that
, it suffices to show K ϕ(p) = M g C χ K p which we do in the following calculation:
We can now represent the operators C * ϕ C ϕ and C ϕ C * ϕ as weighted composition operators. Since C * ϕ = M g C χ , we see that C * ϕ C ϕ is the weighted composition operator M g C ϕ•χ . The eigenfunction problem for the operator M g C ϕ•χ is expressed by the functional equation
Similarly, the other product C ϕ C * ϕ = M g•ϕ C χ•ϕ and its eigenfunction problem is expressed by the functional equation
Observe that both functional equations (5) and (6) have the general form of the functional equation (2) in the Main Theorem. If |a| + |b| < 1, then both self-maps ϕ • χ and χ • ϕ of the unit disc have a fixed point in the disc.
Note that if |a| + |b| = 1 and |b| < 1, then the fixed point of ϕ • χ is b/|b| and our Main Theorem does not apply. We consider this case in the next section.
Essential norms, norms, and singular values
In this section we show that the norm and essential norm of the composition operator induced by ϕ(z) = az + b, where |b| < 1 and |a| + |b| = 1 are equal. More precisely,
One of the main results of this paper is the following characterization of the singular values. 
Our proof of Theorem 4.1 is motivated by Cowen's proof of the norm formula (9) but is significantly different in that we solve a functional equation. The proof of Theorem 4.1 breaks into two cases. The first case, |a| + |b| < 1, is the focus of most of this paper. The second case is when |b| < 1 and |a| + |b| = 1.
In Cowen's proof of the norm formula (9) he discusses in some detail this second case which we outline here in order to draw out the connection with our results. He shows that the norm of C ϕ is bounded below and above by |a| −1/2 . We will outline the proof for the upper bound.
Set ψ = ϕ • χ . The fixed point of ψ is b/|b|. In addition, ψ is a parabolic nonautomorphism hence ψ(U) is a disc internally tangent to the unit circle at the point b/|b| and ψ (b/|b|) = 1. Thus the spectral radius of ψ is one [3, Theorem 3.9, p. 125], that is, lim n→∞ C n ψ 1/n = 1. In the following calculation we use successively the adjoint representation equation (4) and the fact that the spectral radius of ψ is one:
Now we can finish the calculation:
In order to conclude that Eq. (7) is true, it suffices to show that C ϕ e |a| −1/2 . Let ζ ∈ ∂U such that |ϕ(ζ )| = 1. Use the fact the normalized reproducing kernels K p / K p converge weakly to zero as |p| → 1 − , the equation 
Functional equation
In this section we solve the functional equations (5) and (6) that arise when considering the eigenfunction problem for the operators C * ϕ C ϕ and C ϕ C * ϕ induced by ϕ(z) = az + b, |a| + |b| < 1. Actually, we solve a much more general functional equation that can be reduced to either of the functional equations (5) or (6) . Throughout the rest of this section we let G be any holomorphic function on U and ψ any holomorphic self-map of U with an interior fixed point p ∈ U. Our goal is to solve the functional equation
for f ∈ Hol(U) and λ ∈ C. Equation (10) immediately reduces to Eq. (5), the eigenfunction problem for C * ϕ C ϕ , by setting
In a similar manner Eq. (10) reduces to Eq. (6) for appropriate choices of G and ψ .
We will need the following lemma which states that the iterates ψ (j ) of ψ converge to the interior fixed point p of ψ at a geometric rate on compact subsets of U. This lemma is the key to showing that σ is a solution to Schröder's equation.
Lemma 5.1 [13, p. 79]. If ψ is a holomorphic self-map of U with interior fixed point p, then the iterates ψ (j ) of ψ , converge to p at a geometric rate on compact subsets of U.
That is, given 0 < r < 1, there exists 0 < δ < 1 and a positive number m such that
Proof. We may assume p = 0, that is, ψ(0) = 0. The case p = 0 can be reduced to p = 0 by the standard conformal similarity argument. Let 0 < r < 1. Set M := max |z| r |ψ(z)|. Since ψ(0) = 0, applying the Schwarz lemma, we obtain |ψ(z)| < |z|. Thus M/r < 1. Set
Clearly, Ψ (0) = 0, thus by the Schwarz lemma, |Ψ (z)| |z| or equivalently
Set δ = M/r < 1. Now, iterating inequality (11), we obtain
Thus ψ (j ) converges to p at a geometric rate. 2
In the next theorem we derive some necessary conditions for the solution of the functional equation (10) (if it exists).
Theorem 5.2. Suppose G, ψ ∈ Hol(U). Suppose ψ is a self-map of U with interior fixed point p ∈ U and ψ is neither a constant nor a conformal automorphism of U. If f is a nonconstant holomorphic function on U and there is a complex number λ such that f and λ satisfy
Proof. Suppose f has a zero of order k at p. Then
with F (p) = 0. Substituting this factored representation of f into Eq. (12), we have
Solving for λ, we have
.
The uniqueness of f follows from the fact that all the derivatives of f evaluated at p can be written in terms of G, ψ , and λ. 2
In the next theorem we show that the functional equation (10) 
Proof. Set
Substituting α n into the left-side of Eq. (13) shows that
Thus we need only to show that the sequence {α n } converges uniformly on compact subsets of U or, equivalently, that the infinite product
converges in this manner. To do this it suffices to show that the infinite series
converges uniformly on compact subsets of U.
Choose r so that 0 < r < 1. We may assume that |p| < r. Since G is holomorphic on the closed unit disc rU it satisfies the Lipschitz condition on rU. That is, there is a positive number M such that
whenever p, ψ (j ) (z) ∈ rU. By Lemma 5.1, there exists a 0 < δ < 1 and a positive number m such that
Now the terms of the infinite series (14) are bounded by terms of a geometric series so that the series converges uniformly on compact subsets of U. Hence
converges uniformly on compact subsets of U and is the desired solution to the functional equation (13) . 2 We are now ready to write down the complete set of solutions to the functional equation (10) . Let k be a nonnegative integer. Set
where α is defined by Eq. (15) and therefore satisfies Eq. (10), and σ is the Koenigs function of ψ, that is
Substituting f k into the left-side of the functional equation (10) gives
as desired. Note that Theorems 5.2 and 5.3 prove the Main Theorem stated in Section 2.
Singular values and Schmidt pairs
In this section we show how our Main Theorem immediately yields the singular values and Schmidt pairs for the composition operator with inducing map ϕ(z) = az + b where |a| + |b| < 1. Using the quadratic formula, we see that the interior fixed point of ϕ • χ is
By the Main Theorem, we see that the squares of the singular values are
A calculation shows (ϕ • χ) = |a| 2 g 2 and substituting this expression into Eq. (17), we obtain
Corresponding to each singular value s k (C ϕ ) there is a unique normalized Schmidt vector for C ϕ and one for C * ϕ . We state these in the following theorem, which follows immediately from the Main Theorem. 
where 
Weighted Bergman spaces
Our Main Theorem yields the singular values and Schmidt pairs of the composition operator induced by ϕ(z) = az + b, where |a| + |b| < 1, on the weighted Bergman spaces. In addition, we find the singular values for ϕ(z) = az + b, where |b| < 1 and |a| + |b| = 1. See [3] or [6] for more information on weighted Bergman spaces.
For α > −1, the weighted Bergman spaces are defined by
We let α = −1 correspond to the Hardy space. The A 2 α reproducing kernels are given by
In [7] , P. Hurst extended Cowen's adjoint formula to the weighted Bergman spaces and showed that the adjoint of a composition operator induced by ϕ(z) = az + b, where |a| + |b| 1 and |b| < 1, is
where g α (z) = 1/(1 −bz) α+2 and χ(z) = 1(1 −bz).
Thus the products C * ϕ C ϕ and C ϕ C * ϕ are equal to the weighted composition operators M g α C ϕ•χ and M g α •ϕ C χ•ϕ , respectively. Hence the eigenfunction equation for the operators C * ϕ C ϕ and C ϕ C * ϕ are the functional equations
Let Γ (s) denote the gamma function. Set
Then {e n } is a complete orthonormal system for A 2 α . Thus the discussion after the Main Theorem also shows that the solutions to the functional equations (18) are eigenvalues and eigenfunctions of the weighted composition operators M g α C ϕ•χ and M g α •ϕ C χ•ϕ .
Applying the Main Theorem, we obtain the following result. 
Singular values and Schmidt pairs on
where p is the interior fixed point of ϕ •χ given by Eq. (16). A calculation shows (ϕ •χ) = |a| 2 g 2 −1 and substituting this expression into Eq. (19), we obtain our desired result Letting |a| + |b| = 1, we obtain C ϕ = |a| −(α+2)/2 . To finish, use the fact that the normalized reproducing kernels converge to zero weakly and the Julia-Caratheodory Theorem [13, §4.2] 
